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Abstract
We present a new approach to determine the nuclear form factors which are important for the direct dark matter
experiments. We perform a systematic global determination of the form factors covering a wide range of nuclei,
from 9Be to 209Bi. The commonly-used Lewin-Smith approach is improved by ﬁtting both parameters of the Fermi
proton-density distributions directly to the experimental data. Our procedure allows to extract the widely-used Helm
form factor, providing for the ﬁrst time realistic (conservative) uncertainties for the parameters. In addition, we rely
on recent measurements of antiprotonic atoms to constrain the neutron-density distributions. Systematics errors are
estimated and possible correlations are explored.
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1. Introduction
The goal of several ongoing and future direct detec-
tion experiments is to discover the dark matter present in
our galactic halo in the form ofWeakly Interacting Mas-
sive Particles (WIMPs). These experiments attempt to
isolate from various backgrounds the signal of nuclear
recoils from the elastic scattering of WIMPs with the
target nuclei inside the detector [1–16]. The expected
diﬀerential rate of nuclear recoils in a detector is given
by (see for instance Ref. [17]):
dR
dEnr
=
ρχ
2mχμ2
σS I F2(q)
∫ vescape
vmin
f (v, t)
v
d3v (1)
where Enr is the energy of the recoiling nucleus, ρχ is
the local halo WIMP density, mχ is the WIMP mass and
μ = mχM/(mχ + M) the WIMP-nucleus reduced mass;
f (v, t) is the WIMP velocity distribution in the refer-
ence frame of the detector and σS I the spin-independent
WIMP-nucleus elastic scattering cross section oﬀ a
point-like nucleus; F(q) is the nuclear form factor which
depends on the recoil momentum q =
√
2MEnr.
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The nuclear form factor critically determines the
spectrum of the recoil nuclei. Therefore its precise de-
termination and error estimation is crucial to establish
the bounds on the WIMP-nucleon cross section from
running experiments and to plan future ones.
In direct dark matter searches and related studies, it
has been customary to describe the nuclear form factors
using the Helm ansatz [18], which leads to an analytic
expression for the form factor. On the other hand, the
charge density distributions have been extracted from
muon spectroscopy [19] using two-parameter Fermi
(2PF) distributions. The widespread strategy to deal
with this dichotomy is to convert the 2PF parameters
into Helm ones adopting an ad − hoc value for the nu-
clear thickness [20].
The present approach improves the one of Ref. [20]
(Lewin-Smith), taking also into account the information
about neutron-density distributions recently extracted in
measurements of antiprotonic atoms [21, 22]. We pro-
vide realistic (conservative) uncertainties for the param-
eters, estimating the systematic errors and exploring
possible correlations. At the same time, we keep the
simple and analytic expressions intrinsic of the Helm
parameterization.
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2. The Nuclear Form Factor
The spatial extension of a nucleus is described by the
nuclear form factor. The role of the form factor is eas-
ily understood by looking, for example, at the elastic
scattering of electrons oﬀ nuclei [23]. The scattering
of electrons from a point-like target is simply described
by the Rutherford/Mott formula (Coulomb scattering).
However, the nucleus is not point-like, but has a struc-
ture. It is observed that the Rutherford formula agrees
with the experimental cross sections only for small mo-
mentum transfers q, i.e., for scattering angles very close
to 0◦. At larger q the experimental cross sections are
systematically smaller and show typical diﬀraction pat-
terns, which reﬂect the internal structure of the nucleus.
The location of the minima is related to the size of the
target nucleus. For light nuclei the form factor falls
oﬀ slowly with q2, while for heavier ones the more ex-
tended density distributions cause a stronger fall-oﬀ of
the form factor. In the limit of a point-like target nucleus
F(q) → 1.
The form factor is the Fourier transform of the nu-
clear density:
F(q) =
1
A
∫
ρnucl(r) eiq · r d3r (2)
normalized so that F(0) = 1. Dark-matter studies have
traditionally assumed that
ρnucl
A
=
ρcharge
Z
, (3)
relying on the well measured nuclear charge density dis-
tributions to determine the form factor and bypassing
the fact that neutron distributions are, in general, diﬀer-
ent.
The charge distribution of protons in nuclei can be
extracted precisely and, to a large extent, model inde-
pendently. It has been extensively determined by elastic
scattering of electrons [24] and, more recently, also by
muonic atom spectroscopy [19]. The present knowledge
of the neutron distributions is far more uncertain. There-
fore, realistic error estimates should take their larger er-
rors into account. This is particularly important in sce-
narios where the cross sections on protons and neutrons
are diﬀerent.
3. The Form Factor in the Lewin-Smith Approach
The approach commonly used to determine the from
factor for direct dark matter searches for the spin-
independent case is reported in Ref. [20]. The nuclear
density distribution is assumed to be the same as the
charge distribution of protons. This is available for a
large set of nuclei [19] in the form of 2PF distributions:
ρ(r) = ρ0
[
1 + exp
( r − c
a
)]−1
, (4)
where c is the nuclear radius at half of the central density
ρ0, and a is the diﬀuseness of the nuclear surface. The
latter is related to the surface thickness t = 4 ln3 a,
deﬁned as the distance over which the density decreases
from 90% to 10% of ρ0.
As there is no analytical expression for the Fourier
transform of the 2PF distribution, most dark matter
studies adopt the Helm expression [18] for the spin-
independent form factor
F(qR) = 3
J1(qR)
qR
e−(qs)
2/2 , (5)
where R is the eﬀective nuclear radius, s is the nuclear
skin thickness and J1(qR) is the spherical Bessel func-
tion.
The strategy of Lewin and Smith is to convert the 2PF
parameters into Helm ones. This is achieved by equat-
ing the root mean square radii
r2rms(2PF) =
3
5
c2 +
7
5
π2a2 , (6)
r2rms(Helm) =
3
5
R2 + 3s2 . (7)
The diﬀuseness is ﬁxed at a  0.52 fm [19], while c
is derived from a not-weighted ﬁt to the muon spec-
troscopy data of Ref. [19]: c 
(
1.23 A1/3 − 0.60
)
fm.
Finally, an ad − hoc value is taken for s  0.9 fm. Ac-
cording to Ref. [20], this value is chosen to improve
the matching between the form factors obtained with
the Helm ansatz and from numerically-integrated 2PF
distributions.
This approach is qualitative, with only the radius pa-
rameter c ﬁtted to the data, while both a and s are ﬁxed.
Moreover, it only accounts for the proton distribution
and the errors are not estimated.
4. A New Approach to the Nuclear Form Factor
We have performed a systematic global determination
of nuclear form factors for nuclei ranging from 9Be to
209Bi. Concerning the proton distributions, we improve
the Lewin-Smith approach [20] by ﬁtting directly the
measured nuclear radii [19] and diﬀuseness [24]. We
also add the information on the neutron distributions,
obtained from antiprotonic atoms [21, 22].
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Figure 1: Electron scattering data of the 2PF diﬀuseness a from Ref.
[24] and our weighted ﬁt.
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Figure 2: Muon spectroscopy data of the 2PF radius c from Ref. [19].
4.1. The proton distribution
In our approach the parameters of the 2PF distribu-
tion (Eq. 4) are determined as follows. The diﬀuseness
a is extracted from a weighted ﬁt to all the available
electron scattering data [24]. From this ﬁt, shown in
Fig. 1, we obtain:
a = (0.57 ± 0.04) fm . (8)
We veriﬁed that the assumption of a(A) ≈ const. [23] is
statistically valid. Indeed the values of a for the diﬀerent
nuclei are Gaussian-distributed. For the 2PF radius c we
take the values obtained in Ref. [19] from muonic atom
spectroscopy, including 192 nuclei from 9Be to 209Bi
(Fig. 2).
To relate the 2PF parameters (c,a) to the Helm ones
(R,s) we use an additional condition in comparison to
Ref. [20]; we demand that both parameterizations have
the same thickness and equate
t(2PF) = 4(ln 3)a (9)
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Figure 3: Helm radius R shown as a function of A (top) and A1/3
(bottom). Our weighted ﬁt is also shown in the bottom plot.
to
t(Helm)  2.6s , (10)
obtaining s from the ﬁtted value of a (Eq. 8):
s =
4(ln 3)a
2.6
= (0.97 ± 0.07) fm . (11)
This procedure avoids to adopt an ad−hoc value for the
nuclear thickness s as done in Ref. [20]. The approxi-
mation of Eq. 10 is valid for the whole range of nuclei
under consideration. The systematic error intrinsic of
this approximation, estimated to be of ∼ 3%, has been
included in the quoted uncertainty of s.
By equating the root mean square radii (Eqs. 6 and
7), we obtain the R parameter of the Helm formula (Eq.
5) for each nucleus i:
R2i =
5
3
r2rms,i(2PF) − 5s2 . (12)
The error on Ri is determined from the uncertainties in
s and rrms,i by standard error propagation. The results,
shown in Fig. 3, are ﬁtted by a weighted ﬁt. In this way,
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one ﬁnds the following parameterization of the eﬀective
nuclear radius R as a function of the nuclear mass A:
R = α A1/3 + β
=
[
(1.17 ± 0.05)A1/3 − (0.17 ± 0.26)
]
fm (13)
with the advantage that Eq. 13 is compact and incorpo-
rates all the errors. As the correlation between the ﬁt
coeﬃcients α and β turns out to be negligible, being the
covariance σαβ = −5.8× 10−4, the error of R can be cal-
culated according to the standard error propagation for
independent quantities:
σ2R = A
2/3σ2α + σ
2
β . (14)
4.2. The neutron distribution
Antiprotons can test the matter distribution of nuclei,
in contrast to electromagnetic probes which only test
the charge distribution. To constrain the neutron-density
distributions we rely on recent measurements of antipro-
tonic atoms [21], where the diﬀerence between the root
mean square radii of the neutron and proton distribu-
tions
Δrnp =
√〈
r2n
〉 − √〈r2p〉 (15)
has been determined.
The experimental data for Δrnp show an approxi-
mately linear behavior as a function of the asymmetry
parameter I = (N − Z)/A [21, 22] (see Fig. 4). We have
performed a weighted ﬁt, also shown in Fig. 4, obtain-
ing:
Δrnp = κI + γ
= [(0.82 ± 0.54)I − (0.02 ± 0.08)] fm . (16)
The covariance of the ﬁt coeﬃcients κ and γ, σκγ =
−5 × 10−3, is not negligible, thus the error on Δrnp has
to be calculated according to the complete formula:
σ2Δr = I
2σ2κ + σ
2
γ + 2Iσκγ . (17)
By substituting the Helm root mean square radius,
Eq. 7, into Eq. 15 one obtains
√
R2n + 5s2n =
√
R2p + 5s2p +
√
5
3
Δrnp , (18)
where Rp and sp are given by Eqs. 13 and 11, respec-
tively.
In nuclei two mechanisms can generate the neutron
skin (see for instance Ref. [25]). One is a bulk eﬀect,
consisting in a displacement between the positions of
the neutron and proton sharp surfaces but keeping the
same thickness, i.e., Rn > Rp and sn = sp. The other
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Figure 4: Weighted ﬁt of the diﬀerence between the root mean square
radii of the neutron and proton distributions, measured in antiprotonic
atoms [21, 22], shown as a function of the asymmetry I.
one is a surface eﬀect, consisting in a diﬀerent surface
diﬀuseness between the neutron and proton density pro-
ﬁles while maintaining the same radius, i.e., Rn = Rp
and sn > sp. Intermediate density distributions having
Rn > Rp and sn > sp are, of course, also possible.
Considering the argument above, we derive the equa-
tions for the parameters Rn and sn of the Helm’s neutron
distribution:
Rn = Rp +
1
2
√
5
3
Δrnp , (19)
sn =
1
2
⎛⎜⎜⎜⎜⎜⎜⎝sp +
√
s2p +
2√
15
RpΔrnp
⎞⎟⎟⎟⎟⎟⎟⎠ . (20)
The statistical errors on Rn and sn can be calculated by
propagating the errors on Rp and sp. One has also to
add in quadrature the systematic errors, which account
for all the possible scenarios from the extreme bulk to
surface distributions:
δRsystn =
1
2
√
5
3
Δrnp , (21)
δssystn =
1
2
⎛⎜⎜⎜⎜⎜⎜⎝sp −
√
s2p +
2√
15
RpΔrnp
⎞⎟⎟⎟⎟⎟⎟⎠ . (22)
The larger errors of the neutron distributions in com-
parison to the proton ones reﬂect the experimental dif-
ﬁculties in their determinations. Progress is expected
from new parity-violating electron scattering experi-
ments (PREX-II [26], CREX [27] and Qweak [28]).
5. Conclusions
We have developed a new approach to the determi-
nation of the nuclear form factors relevant to the di-
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rect dark matter searches. The qualitative procedure of
Ref. [20] has been considerably improved. In our ap-
proach both the diﬀuseness and radius of the proton-
density distributions are ﬁtted directly to the measure-
ments. This procedure provides for the ﬁrst time real-
istic (conservative) uncertainties for the parameters, al-
lowing in the meantime to keep the analytic Helm pa-
rameterization. A wide range of nuclei, from 9Be to
209Bi, is considered. Moreover, we have determined the
Helm parameters for the neutron-density distributions
using the experimental data from antiprotonic atoms.
For both the proton and neutron distributions, the co-
variance of the ﬁt parameters is provided and the sys-
tematics errors are taken into account.
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